In 1935 S. Kakutani and M. Nagumo [19] , and independently, in 1936 J. L. Walsh [29] proved the following theorems concerning the mean value property of harmonic and complex polynomials. THEOREM A. (Kakutani-Nagumo-Walsh.) If f:C-+R is continuous, the mean value property A n (x 9 y) = 0 holds for all x, y eC if, and only if, f{x) is a harmonic polynomial of degree at most n-1.
THEOREM B. An entire function f satisfies the mean value property A n (x, y) -0 for all x, y eC if and only if f is given by a complex polynomial of degree at most n -1.
The above Theorem A and Theorem B are direct or indirect motivations for the generalizations and applications of J. Aczel, H. Haruki, M. A. McKiernan and G. N. Sakovic [2] , E. F. Beckenbach and M. Reade [3] , [4] , A. K. Bose [5] , L. Flatto [7] , [8] , [9] , A. Friedman and W. Littman [10] , A. Garsia [11] , H. Haruki [13] , [14] , S. Haruki [15] [27] . For more details of functional equations of type A n (x, y) = 0, see M. A. McKiernan [26] , and for the relation to Gauss' mean value theorem, harmonic functions and differential equations, see L. Zalcman [30] .
The main purpose of this note is to study some more generalizations of Theorem A and Theorem B from the standpoint of the theory of finite difference functional equations. 2* P^additive symmetrical mappings, generalized polynomials and Ayf(x) = ()• In this section we present some notation, definitions for p-additive symmetrical mappings, generalized polynomials and resυlts of S. Mazur and W. Orlicz [23] Notice that the ring of operators generated by this family of operators is commutative and distributive.
The following general theorem of S. Mazur and W. Orlicz [23] in the theory of finite difference functional equations plays a fundamental role in our study. 
Notation.
We denote Q;(a?) = Q> f P (flc, , α?) for y = 0, 1, ••-,%, where Q*\C-*K are homogeneous polynomials of degree p for v -
Let Q (w _ r>r) (x; ^/) denote the value of Q n (x lf , a?J for Xi = x, i = 1, , ^ -r and ^ = y, i = w -r + 1, , n. In par- It is clear that an obvious modification can be applied for the terms f k (x + a k y) for k = 1, 2, , n to obtain -0 for each fe = 1, 2, , n and for all x, ueG .
Thus (3.1) implies (3.2). The Lemma 3.1 is proved.
Proof of Theorem 3.1. Observe that without loss of generality we may assume one of α^ = 0, i.e., a t Φ 0 -a n , ί = 0, 1, , n ~ 1, in Lemma 3.1 in order to obtain the same conclusion. The proof now immediately follows from Lemma 3.1 and the Fundamental theorem with G = X^C and F = S = H = K.
4. The mean valued property A n (x, y) = 0. We first determine the general solution of the mean value property under no regularity assumptions. Then we prove somewhat stronger results than that of Theorem A and Theorem B, when some weak regularity assumptions are imposed on /. It is well-known (e.g., [20] ) that an additive function /: C -> K which is bounded on a set of positive measure is continuous everywhere. It follows from this theorem that a ^-additive mapping which is bounded on a set of positive Lebesgue measure is continuous everywhere. Hence, Q p for each p = 0, 1, , n -1 is continuous everywhere. Equation 
